
CX-Alb(X)
Sincehere if H

Si=X6- Alb(s)

STABILITY

CONDITIONS

ON

FREE ABELIAN

QUOTIENTS

↑#H ze
~X



9 Mumard's Slope Stability
C: smoothprojective curve /C HE:vector bundle on C

H

my slope: M(E): = r(E)
deg) #H

Def EisM(semi)-stable if:
0FE =M(F)<M(E)

If

ROT:Harder-Narasimhan (HN) filtrations

Ih [Mumford 162] (C) is a smooth quasi-poj. variety
Cmodelof M-stable badles of ranker, degree-d



9 Mumard's Slope Stability
C: smoothprojective curve /C

H=manceandm+2my slope: M(E): =S
r(E)

DefE is M(seni)-stable if:
0F(E => M(F),M(E)

ROT:Harder-Narasimhan (HN) filtrations

st

Ih* [Mumford 162]↳C) is a smooth quasi-poj. variety
Cmodelof M-stable bundles of rank =r, degree:d



52 Bridgeland Stability Conditions (B. S. C.s)
e.g.D =Db(X):=D>(coh(X))]D:triangulated category [

E - A abelian subcut, which"generats"D
H

z: KOLA)- a nomonwmXXXffSt. (E) G H

8:=(A,z) my MolE):=Ih
E is 0 (semi)-stable if: ↑ *)zE = MolF),Mo (E) -z(k)
--

inA
X

T is a B.S.C. If MN filtrations exist (theens



by cant. Cef*A Bridgeland stability condition on A is a pair.
O=(A, z):(1) A& abelian & "generates"

(2) E:Ko(A)-> K homonorphism

EXAMPLE& =Db(C) ⑪ EtCoh(C)
is om-stable

Ou:= (Coh(C), -deg(E)+irankLE) >M-stable

Stab(D): =setof all B.S.C.on D

Ih' [Bridgeland '07] Stab (D) is a complex manifold.

From vowaw:X:smooth projective variety/C

QHow can we relate X and Stab(X):=Stab(D>(X))

Def'* oeStab(X) is geometric if fact X, Ox is a-stable.
e

[ I
G I Skyscraper

XM(X sheaf



13 Geometric Stability Conditions
[Def'*OEStab(X) is geometric if Face X, Ox is 8-stable.]-

What is known?
· dimx=1:Stab"(X) =CXH
· dimX =2: General construction
· dimx=3:Some examples
· dimx, 4:???

In*[lieFu-Churyi Li-Xiaolei thao'21]
X has finite Albouse - Stab(X) =Stab**(X)

marphism G

X Alb(X)
Q2 albx notfinite

*A A.
?? I??
Inon-geometric

B. S.C.S?



54:Free Abelian Quotients Q2 alby notfinite
?? I??

tree Inon-geos?
DEA:GNX

finite
abelich *

F.A.Q. - S:=X/6



54:Free Abelian Quotients Q2 alby notfinite
?? I??

tree Inon-geos?
IDEA: GrXmi Alb(X)

finite
abelich if not

Quite
F.A.Q. - Si=X6- AlbCs)



54:Free Abelian Quotients Q2 alby notfinite
?? I??

tree finite Inon-geos?
IDEA: Gr X- Alb(X)

finite
abelich if not

F.A.Q. -> ⑤==XI
Quite Alb(s)**

Q:Does this happen?

EBeauville-type surfacesA:Yes e.g. Bielliptic surfaces

IhE [D] · X surface withalby finite
⑤ S =XG F.A.Q.

Then Stabha(s) (Stab(X)* is a connected
component of Stab(S).


